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§1. Definition and simple properties 
For any fixed positive integer / and any positive integer n, the famous Smarandache ceil 
function S;,(n) is defined as follows: 


Sk(n) =min{meN: n|m*}. (1.1) 


Many people had studied elementary properties of $;,(n), and obtained some interesting 
results. 
Z. Xu [18]. Define Q(n) = OQ(pf'ps?--- pe") = ar tag+--:+a,. Let k be a given 


positive integer. Then for any real number x > 3, we have the asymptotic formula 


S° 2.(5;(n)) =alnIng+Azr+O (=) : 


n<x 


1 1 
where A= y+ bs (1 (1 - ~) + ~) , 7 ts the Euler constant and x denotes the sum over 
p Pp 
Pp 


Pp 
all the primes. 


J. Li [8]. Define Q(n) = Q(pP pS? --- pe") =a, +tagt+-:-+a,. Let k be a given positive 


integer. Then for any integer n > 3, we have the asymptotic formula 


Q(S,(n!)) = =(ninn+C)+0 (—) 


n 
k; 
where C' is a computable constant. 

Y. Wang [15]. Let k be a fixed positive integer, then for any integer n > 3, we have the 


asymptotic formula 
ninn 


In($;(n!)) = a +O(n). 
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§2. Mean values of the Smarandache Ceil function 


L. Ding [1]. Let x > 2, for any fixed positive integer k, we have the asymptotic formula 


X00) oat : I c TrES ( | =) a (z#**), 


n<ux 


where ¢(s) is the Riemann zeta function, II denotes the product over all prime p, and € is any 


Pp 
fixed positive number. 


C. Wu [16]. 1) For any fixed positive integer k > 2 and any positive integer n, let ax(n) 
denote the k-th power complements of n. Then we have 


(Sp (n))" = ag(n) -n. 


2) Let k be a fixed positive integer. For any real number x > 1, we have the asymptotic 


formula 


1 3 
S> Sk(n) oP IG 7 = <s) +O(ai), 


n<u 


where ¢(s) is the Riemann zeta function, ¢ > 0 is any fixed positive number. 
X. Wang [13]. For any real number x > 2, we have the asymptotic formula 


Se = 3 Aine + Ag +0 (07 aes 
n<ux 2( 


where A, and Az are two computable constants, € is any fixed positive integer. 


Y. Wang [14]. 1) For any real number a > 1 and integer k > 2, we have the identity 


(-1)rt ae -k- 
2d, Se (n) re ne 


where II denotes the product over all prime p. 
P 
2) For any positive integer n, the dual function of S;,(n) is defined as S,(n) = max {meéN: mk | n}. 


For any real number a > 1 and integer k > 2, we have the identities 


n=1 ne ¢(ka) ; 
SS (-1)"-14(n) — C(a)C(ka — 1) [ (2 y(ake- — 1) 
2d, no : = Cea) | Qa-2(Qka — J) 7 ; 


where ¢(s) is the Riemann zeta function. 
D. Ren [12]. Let d(n) denote the Dirichlet divisor function, and let k be a given positive 


integer with k > 2. Then for any real number x > 1, we have the asymptotic formula 


S~ d(Sz(n)) = oie = I (1 a at] +Cx+0(ait), 


n<u 
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where ¢(s) is the Riemann zeta function, C is a computable constant, and € is any fixed positive 


number. 
X. He and J. Guo [7]. 1) Leta >0, o4(n) = oe d*. Then for any real number x > 2, 
d|n 
and any fixed positive integer k > 2, we have the asymptotic formula 
_ 6r*t!C(a + 1)¢(k(a + 1) — a) 
= (a + 1)r? 


Sida (Sz (n)) R(a+1) +0 (2%? +e) ‘ 


n<ux 


where ¢(s) is the Riemann zeta function, ¢ is any fixed positive number, and 


1 
R(a+1)= I] (1 petati—a See ; 
P 


2) Let d(n) denote the Dirichlet divisor function. Then for any real number x > 1, and 


any fixed positive integer k > 2, we have the asymptotic formula 


SG. oT (1 1 ) +Cxr+0(x#*), 


pk + pk-l 


n<u 


where ¢(s) is the Riemann zeta function, C is a computable constant, and € is any fixed positive 


number. 

L. Zhang, M. Lv and W. Zhai [20]. Let d3(n) denote the Piltz divisor function of 

dimensional 3, then for any real number x > 2, we have 

* d3 (S;,(n)) = «P2,(logx) +O (zie) : 

n<ux 
where Pz 4,(logx) is a polynimial of degree 2 in logx, d(x) = log? x(loglogx)~5, c > 0 is an 
absulute constant. 

Y. Zhang, H. Liu and P. Zhao [21]. Let d(n) denote the Dirichlet divisor function, 
S;,(n) denote the Smarandache ceil function, then for any real number + <0< zp ge RAS ape 
x, we have 

S- d(S;(n)) = H(z +y) — H(z) +O (yx? +2°**) , 
a<n<aty 


where H(x) = tix loga + tex, € denotes a fixed but sufficiently small positive constant. 


Q. Feng and R. Wang [4]. For any positive integer n, we define 
ax(n) = [n#] , n= 0,1,2,3,---. 


Let ¢(s) be the Riemann zeta function, X be any positive number, and 


1) For any real number x > 1, k > 3, we have 


y Sk (ax(n)) = Zk —1)g)x +0 (2 et*) 


n<ux 
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2) For any real number x >1, k < 2, we have 


k 2 2 k2—k+2 k2—k4+2 
¥ $1 (axl) = eye (F) o(FZ) # ee +0(z we oe) 


n<u 


Q. Feng, J. Guo and R. Wang [5]. For any positive integer n and any natural number 


m, we define 
Qm(n) = max{i": i" <n, iE N}. 


1) For any real number x > 1, n,m,k,t EN, m,t >2,k=tm+1, we have 
m 


YS (am(n)) = al mC (at — 1)¢((2t — 1)m +2) 


1 1 1 1 i 
x 1 14 a +O (aitamté) 
| p(p + 1) ( pe peat ( =))| ( ) 


where ¢(s) is the Riemann zeta function, € is any positive real number. 
2) For any real number x >1,n,m,k,t EN, m=2, t>2,k=2t4+1, we have 


S~ Sk (am (n)) = sco] c - spat (1 + iat + A (1 =))| +O (ait), 


n<a Pp 


nN<ux 


where ¢(s) is the Riemann zeta function, € is any positive real number. 


3) For any real number « > 1, n,m,k,t EN, m,t >2,k =tm, we have 


2t 3 
m i p' +p fe sp 
s Sk (@m(n)) = ae pattem ¢(2t — 1) | | (1 a aa LO (attan+ ) 


n<a P 


where ¢(s) is the Riemann zeta function, € is any positive real number. 
4) For any real number x > 1, n,m,k,t EN, m,t > 2, m= kt, we have 
m 
Sk (am(n)) = Tooth +0 (atta) 
m+1 


nN<u 


where € is any positive real number. 


J. Xu [17]. For any fixed positive integer k and any integer n, we define 
ex(n) = min{fm*: m*>n, meNT}, 
d,(n) = max {m* : m* <n, meéeN*}. 


For any real number x > 2, we have the asymptotic formula 


ES (ex(n)) = = +0 (2), So Se (d(n)) = = +0 (0). 


n<x na 


L. Qi and Y. Zhao [11]. Let k > 2, m > 1 be two positive integers. For any real 
number x > 1, we have the asymptotic formula 
6C(m + 1)¢(k(m +1) — m)R(m + 1)a™*1 
m2(m + 1) 


Ss? p™ (Si(n)) = 


n<x 


+0 (a+) 
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where C(s) is the Riemann zeta function, y(n) is the Euler function, € is any positive real 


number, and 


1 1 1 1 1 1 1 
R(m+1) = I] E l+p ( : pk(m+1) m | pm 1 lk 1)(m+1)—m (1 —) . D (1 
P 


E. Lv [10]. Define 
U(1)=1,  U(n)=[]p. 


pin 
Let k > 2 be a fixed positive integer. For any real number x > 1, we have the asymptotic formula 


2 _ 2¢(3)¢(3k — 2)a3 1+p>% 2¢(3)a3 1 
SS (Sk(n) —U(n))" = = II (1 p+ p ) + =) I (1 p =) 


n<ux Pp P 


4C(3)C(3k — 1)x° I (1 ; rot) G (23), 


12 : prkts + prkt2 


where ¢(s) is the Riemann zeta function, ¢ > 0 is any positive real number. 


Y. Xue and L. Gao [19]. Define 


U()=1, U(n)=[]p. 


Let k > 2 be a fixed positive integer. For any real number x > 1, we have the asymptotic formula 


— 3)z* 74k 
Ss Ginug@ <: SOe) (2 L+p ) 


Qn? p> + pt 


nN<ux 


Oe T(t 1+ p3-4k 4 p6-4k — 2 “) 


D2 - p 4 p 
Dery : 14 p Ak pi Ak | p Ak 
D2 : p as p 


3¢(4)a4 1 7 € 
Qn? nC ae) O(a # 


where ¢(s) is the Riemann zeta function, € is any positive real number. 


§3. The dual function of the Smarandache Ceil function 
For any positive integer n and any fixed positive integer k, the dual function of S;(n) is 
defined as follows: 
Si(n) =max{meN: m* | n}. 
J. Guo and Y. He [6]. 1) Leta >0, o4(n) = S- d®. Then for any real number x > 1 


d|n 
and any fixed positive integer k > 2, we have the asymptotic formula 
cial ee a 
wo (S )oc# +0 (2+), iff a>k-l, 


3 Si(n = atl 
2 ( k( )) ((h-a)z +0 (a), if ask = 1; 
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where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 
2) Let d(n) denote the Dirichlet divisor function. Then for any real number x > 1 and any 
fixed positive integer k > 2, we have 


Sd (Si(n)) = (k)a + O («}**), 


n<ux 


where ¢(s) is the Riemann zeta function, and « is any fixed positive number. 
Y. Lu [9]. Let d(n) denote the Dirichlet divisor function, and let k > 2 be a fixed integer. 


Then for any real number x > 1, we have the asymptotic formula 


S> d(Si(n)) =xinz+(27-1)z+0(a*), 


n<a 
2a Sk(n )= ce +e (> Jet +o(orh), 


where y is the Euler constant, and ¢(s) is the Riemann zeta function. 


L. Ding [2]. 1) Let x > 2, for any fixed positive integer k > 2, we have the asymptotic 


d_ 5i(n) = me tO os 


n<x 


formula 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 
2) For k = 2, we have the asymptotic formula 


Bt. 
2 o(Sme+e) +0(ct), 


where C' is a computable constant, and € is any fixed positive number. 
Q. Feng and J. Guo [3]. For any positive integer n and any fixed positive integer k > 2, 
we define 
ce. (n) =min{meN: nm=t*, te N}. 


1) For any real number x > 1, k, nEN, k > 2, we have 


SY Selmpeuln) = Garett E(k + 2) + 1) 


<I 1 gerten (+ gts)) 0) 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 


n<ux 


2) For any real number x >1,k, n EN, k > 2, we have 


S- Sk(ce(n)) = =I] (1+; Ge Tare 5) + O (x?+*) , 


n<ux 


where € is any fixed positive number, and 


1 : Is Ye 1 
R(2) =1— par) BP (0 (1 =n) rp ») peat 
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3) For any real number x >1,k, n EN, k > 2, we have 


So Sklnder(n) = eaakc(k + 1)¢(4? -1) 


n<ux 
1 1 1 1 
x 1 ie +O ae.) ; 
II ( p*(p +1) ( pieske? #1) 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 


4) For any real number x > 1, k, nEN, k > 2, we have 


Y Fe(cu(n)) = 2 +O (a4), 


nN<u 


where € is any fixed positive number 
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